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Abstract. Interest for commodities and more especially for commod-

ity derivatives has dramatically improved these last years. One of the most

successful product is the asian option on basket of commodities. However,

although the components of the basket might use a well known log-normal

distribution Model, there is no closed form solution for the pricing. The

main drawback of Monte-Carlo simulations, its slowness, becomes critical as

commodity baskets have a large number of underlyings. Several analytical

approximations rose. In the first part of this paper, we present and compare

some of these approximations. Then we will detail the implementation issues

on a “real world” example, namely the optimized greeks of the pricing method

implemented in the Sophis Software.

1 Introduction

Interest for commodities and more especially for commodity derivatives has

dramatically improved these last years. One of the most successful product

is the asian option on basket of commodities.

First, it allows industrial exposed to variations of several commodities to

hedge with a single financial product. For example, an aircarft manufactur-

ing company can hedge with a single basket option: (i) Aluminium prices,

which represents a risk for manufacturing costs, (ii) Oil prices, which impact

the sales and (iii) EUR/USD change which impact both the revenues and

expenses.

Second, the basket option is typically a cheaper hedge than the purchase

of options for each component of the basket since the correlations are below

100%.

Finally, note that Asian options, which are options on average prices

over a pre-defined time-period are the most commonly used options in the

commodity markets. They protect against manipulation of prices and reduce

the cost of options by decreasing the volatility of the underlying.

In the current paper, the components of the basket are commodity Futures

but methods presented can be adapted to different kinds of underlyings. For

example, the Sophis model described below can also be used to add forward

currencies values and forward FX rates in the basket definition. Moreover,
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we noted that the results of the experiments, in particular the comparison of

benefits/drawbacks of the different models can be extended to other kinds of

basket components (Equities, ...).

In this paper, we use the Black [Bla76] model for commodity Futures.

This well known log-normal distribution Model can be used to price vanilla

options for each underlying. Unfortunately, the sum of lognormal distribu-

tions is not a lognormal distribution, and there is no known closed form solu-

tion for the price of the basket asian option. It is possible to use Monte-Carlo

simulations, but the main drawback of this solution is its slowness. This is-

sue becomes critical when considering the greeks analysis. First Monte-Carlo

simulations are not the best choice for computing the greeks. And also, in

commodity basket options, it is frequent to have several tens or hundreds

of commodities or Future contract. For example the GSCI Index [Sac06] is

an average over 40 different commodities and possibly two Futures for each

commodity. Hence, the number of underlyings of the option is very large

(tens to hundreds), and high performance algorithms should be preferred to

compute the greeks.

In the first part of the paper, we present briefly different analytical ap-

proximations. Then, we compare the accuracy of their prices in different

conditions. In the second part of the paper, we present some work conducted

on a “real world” example, namely the pricing algorithm that has been im-

plemented in Sophis Risque v5.0.5 for commodity basket asian options. We

studied the “optimized-greeks” that were computed by the application and

extended the delta formulas to include the volatility smile effects.
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2 Pricing methods

In this section, we present the different pricing methods.

The first three methods that we present, Sophis [Sop06], Gentle [Gen93]

and Levy [Lev92], propose lognormal distributions to approximate of the

distribution the underlying and then compute the price of the option using

Black Formula.

Ju [Ju02] add a correction term to Levy approximation using Taylor ex-

pansion of the characteristic function of the underlying around zero volatili-

ties.

Curran [Cur94] separates the price of the option in to parts by condition-

ing. The first part can be computed exactly, the second part requires Levy

approximation and numerical integration.

Implementation : Sophis implemented its own method in its software.

The other methods that we present are the most common approximations

(Gentle, Levy, Ju, Curran). We implemented all these methods in a limited

framework. We also implemented a Monte-Carlo pricing. This is used to

verify the correctness of our implementations and also to conduct the exper-

iments that are described in section 3.

2.1 Environment

First of all, let’s fix the framework of our study. We aims at pricing asian

options on basket commodities. Underlyings of these options are Future

contracts on commodities. We will choose the Black model to describe the

dynamic of underlyings.

In this model, p future Fi evolve according to the following stochastic

differential equation under the risk neutral probability :

dFi(t) = σiFi(t)dW
i
t (1)

where σi is the volatility of Fi supposed constant and {W i
t , t ≥ 0} is a mul-

tidimensional standard Brownian motion under the risk neutral probability.

Correlation between W i1
t and W i2

t is noted ρi1i2 .
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Solving this equation we obtain :

Fi(t) = Fi(0)exp(−1

2
σ2
i t+ σiW

i
t ) (2)

Let’s now consider n + 1 time 0 = t0 < t1 < ... < tj < ... < tn = T and

the discrete arithmetic average :

A(T ) =
1

n

n∑
j=1

p∑
i=1

Fi(tj) (3)

The payoff of the option we will study from now on is :

V (T ) = (A(T )−K)+ (4)

where T is the maturity and K is the strike of the option. The option

considered is European.

The price of this option at t0 = 0 is given by :

V (0) = e−rTE
[
(A(T )−K)+] (5)

where r is the interest rate supposed constant.

We will also need to price this option within the averaging period at date

t with tk ≤ t < tk+1. Then the value of Fi(tj) for j ≤ k is fixed and we can

write the payoff of the option this way :

(A(T )−K)+ =
n− k
n

(
1

n− k

n∑
j=k+1

p∑
i=1

Fi(tj)−
n− k
n

(K −
n∑

j=k+1

p∑
i=1

1

n
Fi(tj))

)+

(6)

So we again have to price a asian basket option before the beginning of the

averaging period. It is an option with strike n−k
n

(K −
∑n

j=k+1

∑p
i=1

1
n
Fi(tj))

averaged on date tk+1, ..., tn.

From now on we will consider the price of the option at date 0 with no

loose of exhaustivity.

2.2 sophis

The basic idea is to approximate the distribution of A(T ) by a lognormal

distribution (A(T ) = Mexp(−1
2
σ2T + σWT )). Then we will be able to apply

the Black formula for a call.
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The approximate distribution is fully determined by it’s expectation M

and it’s volatility σ.

The most natural candidate to estimate M seems to be the expectation

of A(T) :

M = E [A(T )] =

p∑
i=1

Fi(0) = A(0) (7)

For the estimation of σ the arithmetic average is approximated by the

following geometric average :

G(T ) =
n∏
j=1

p∏
i=1

(
1

nαi
Fi(tj)

)αi
(8)

where

αi =
1
n
Fi(0)∑p

i=1 Fi(0)
(9)

The value of σ we be set equal to the volatility of G(T ) which is easily

computable.

G(T ) =
1

n

p∏
i=1

n∏
j=1

(
Fi(0)

αi

)αi
exp(−1

2
αiσ

2
i tj + αiσiW

i
tj

) (10)

= A(0)exp

(
n∑
j=1

p∑
i=1

(−1

2
αiσ

2
i tj + αiσiW

i
tj

)

)
(11)

we finally get :

σ2T =
n∑

j1,j2=1

p∑
i1,i2=1

αi1αi2σi1σi2ρi1i2min(tj1 , tj2) (12)

Then, we can apply the black formula for a call :

V (0) = e−rT (MN (d1)−KN (d2)) (13)

where :

d1 =
log(M)− log(K)

σ
√
T

+
1

2
σ
√
T (14)

d2 = d1 − σ
√
T (15)
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2.3 Gentle

The basic idea of Gentle is to approximate the arithmetic average A(T ) by

the geometric G(T ) introduced for the Sophis model in the previous sec-

tion. This geometric average presents the advantage of following a lognormal

distribution (G(T ) = Mexp(−1
2
σ2T + σWT )).

The volatility of G(T ) is computed in the previous section and is given

by :

σ =
1

T

√√√√ n∑
j1,j2=1

p∑
i1,i2=1

αi1αi2σi1σi2ρi1i2min(tj1 , tj2) (16)

The expectation of G(T ) is of course different from the one of A(T ). It

is given by :

M = E [G(T )] = A(0)exp

(
n∑
j=1

p∑
i=1

(−1

2
αiσ

2
i tj) + σ2T

)
(17)

Then, Gentle make the following approximation for the price of the option

in order to compensate the difference between the expectation of A(T ) and

the expectation of B(T ) :

V (0) = e−rTE
[
(A(T )−K)+

]
= e−rTE

[
(G(T )− (K − A(T ) +G(T )))+]

≈ e−rTE
[
(G(T )− (K − E[A(T )] + E[G(T )]))+]

(18)

The call on A(T ) of strike K is approximated by a call on G(T ) of strike

K̃ = K − E[A(T )] + E[G(T )]. We can then apply the Black formula for a

call.

2.4 Levy

The basic idea of Levy is to approximate the distribution of A(T ) by a

lognormal distribution. To determine the expectation M and the volatility

σ of this distribution, he proposes a pure moment matching technique.

Let’s consider that :

A(T ) = Mexp(−1

2
σ2T + σWT ) (19)
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then :

M = E[A(T )] = A(0) (20)

and

E
[
A2(T )

]
= M2exp(σ2T ) (21)

⇒ σ2T = log
(
E
[
A2(T )

])
− 2log(M) (22)

where :

E
[
A2(T )

]
=

1

n2

n∑
j1,j2=1

p∑
i1,i2=1

Fi1(0)Fi2(0)exp(σi1σi2ρi1i2min(tj1 , tj2)) (23)

Then we can apply the Black formula for Call.

2.5 ju

Several articles shows that two moment matching analytical approximations

(as Levy) give good results for short maturity and weak volatility but are

more discussable for long maturity and high volatility. To have better approx-

imation, Ju proposes to consider the Taylor expansion around zero volatility

of the ratio of the characteristic function of log(A(T )) to the characteristic

function of logarithm of the lognormal approximation proposed by Levy.

To respect the relative weights of volatility performing the Taylor expan-

sion, let’s consider :

Fi(t, z) = Fi(0)exp(−1

2
z2σ2

i t+ zσiW
i
t ) (24)

and :

A(T, z) =
1

n

n∑
j=1

p∑
i=1

Fi(tj, z) (25)

Let’s note :

M1 = E[A(T, z)] =

p∑
i=1

Fi(0) (26)

and

M2(z
2) = E[A2(T, z)] (27)
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If we consider a normal random variable Y (z) with mean m(z2) and variance

v(z2), matching the first two moments of exp(Y (z)) with those of A(T, z) we

obtain :

m(z2) = 2log(M1)−
1

2
log(M2(z

2)) (28)

and

v(z2) = log(M2(z
2))− 2log(M1) (29)

Let’s note X(z) = log(A(T, z)). It’s characteristic function is given by :

E
[
eiθX(z)

]
= E

[
eiθY (z)

] E [eiθX(z)
]

E [eiθY (z)]
= E

[
eiθY (z)

]
f(z) (30)

Let’s expand f(z) until z6. Noting that v′(z2) = −2m′(z2) we have got :

1

E [eiθY (z)]
= exp

(
−iθm(z2) +

1

2
θ2v(z2)

)
(31)

= exp

(
−iθm(0) +

1

2
θ2v(0)− (iθ + θ2)(m′(0)z2 +m′′(0)

z4

2
+m(3)(0)

z6

6
) + o(z6)

)
= e−iθm(0)+ 1

2
θ2v(0)

(
1− θ̃a1(z) + θ̃2a

2
1(z)

2
− θ̃ a2(z)

2
+ θ̃2a1(z)a2(z)

2
− θ̃ a3(z)

6
− θ̃3a

3
1(z)

6

)
where

θ̃ = iθ + θ2 (32)

and

a1(z) = z2m′(0) = − M ′
2(0)

2M2(0)
z2 (33)

a2(z) = z4m′′(0) = 2a2
1(z)− M”2(0)

2M2(0)
z4 (34)

a3(z) = z6m(3)(0) = 6a1(z)a2(z)− 4a3
1(z)− M

(3)
2 (0)

2M2(0)
z6 (35)
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and

M2(0) =
1

n2

n∑
j1,j2=1

p∑
i1,i2=1

Fi1(0)Fi2(0) (36)

M ′
2(0) =

1

n2

n∑
j1,j2=1

p∑
i1,i2=1

Fi1(0)Fi2(0)σi1σi2ρi1i2min(tj1 , tj2) (37)

M ′′
2 (0) =

1

n2

n∑
j1,j2=1

p∑
i1,i2=1

Fi1(0)Fi2(0) (σi1σi2ρi1i2min(tj1 , tj2))
2 (38)

M
(3)
2 (0) =

1

n2

n∑
j1,j2=1

p∑
i1,i2=1

Fi1(0)Fi2(0) (σi1σi2ρi1i2min(tj1 , tj2))
3 (39)

Let’s expand g(z) = E
[
eiθX(z)

]
until z6 :

E
[
eiθX(z)

]
= g(0) + g′′(0)

z2

2
+ g(4)(0)

z4

24
+ g(6)(0)

z6

720
+ o(z6) (40)

where :

g(0) = eiθX(0) (41)

g′′(0)
z2

2
= g(0)θ̃a1(z) (42)

g(4)(0)
z4

24
= g(0)θ̃

(
−(iθ − 3)(iθ − 2)

a2
1(z)

2
− (iθ − 2)b1(z)− b2(z)

)
(43)

and

b1(z) =
z4

4A3(0)
E
[
A′2(0)A′′(0)

]
(44)

b2(z) =
z4

8A2(0)
E
[
A′′2(0)

]
= a2

1(z)− 1

2
a2(z) (45)

and, noting ρ̃i1i2 = σi1σi2ρi1i2 and tj1j2 = min(tj1 , tj2) :

E
[
A′2(0)A′′(0)

]
= 2

n∑
j1,j2,j3=1

p∑
i1,i2,i3=1

Fi1(0)Fi2(0)Fi2(0)Fi3(0)ρ̃i1i3 ρ̃i1i3tj1j3tj2j3

(46)
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and, at last :

g(6)(0)
z6

720
= g(0)θ̃((iθ − 5)(iθ − 4)(iθ − 3)(iθ − 2)

a3
1(z)

6
(47)

− (iθ − 4)(iθ − 3)(iθ − 2)c1(z) (48)

− (iθ − 3)(iθ − 2)c1(z)− (iθ − 2)c3(z)− c4(z)) (49)

where :

c1(z) =
z6

48A5(0)
E
[
A′4(0)A′′(0)

]
= −a1(z)b1(z) (50)

c2(z) =
z6

144A4(0)

(
9E
[
A′2(0)A′′2(0)

]
+ 4E

(
A′3(0)A(3)(0)

))
(51)

c3(z) =
z6

48A3(0)

(
4E
[
A′(0)A′′(0)A(3)(0)

]
+ E

[
A′′3(0)

])
(52)

c4(z) =
z6

72A2(0)
E
[
A(3)2(0)

]
= a1(z)a2(z)− 2

3
a3

1(z)− 1

6
a3(z) (53)

and noting Ãkl =
∑n

j=1

∑p
i=1 Fi(0)ρ̃iktjl :

E
[
A′2(0)A′′2(0)

]
= 8

n∑
j1,j2=1

p∑
i1,i2=1

Fi1(0)Fi2(0)Ãi1j1Ãi2j2 ρ̃i1i2tj1j2 + 2M ′
2(0)M ′′

2 (0)

(54)

E
[
A′3(0)A(3)(0)

]
= 6

n∑
j=1

p∑
i=1

Fi(0)Ã3
ij (55)

E
[
A′(0)A′′(0)A(3)(0)

]
= 6

n∑
j1,j2=1

p∑
i1,i2=1

Fi1(0)Fi2(0)Ãi2j2(ρ̃i1i2tj1j2)
2 (56)

E
[
A′′3(0)

]
= 2

n∑
j1,j2,j3=1

p∑
i1,i2,i3=1

Fi1(0)Fi2(0)Fi2(0)Fi3(0)ρ̃i1i3 ρ̃i2i3 ρ̃i1i2tj1j3tj2j3tj1j2

(57)

Multiplying the expansions of 1

E[eiθY (z)]
and g(z) = E

[
eiθX(z)

]
we obtain :

f(z) = 1− iθd1(z)− θ2d2(z) + iθ3d3(z) + θ4d4(z) + o(z6) (58)
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where

d1(z) =3a2
1(z) +

1

2
a2(z)− 2b1(z) + b2(z)− 20a3

1(z)− 1

6
a3(z)

+ 24c1(z)− 6c2(z) + 2c3(z)− c4(z)
(59)

d2(z) =5a2
1(z) +

1

2
a2(z)− 3b1(z) + b2(z)− 128

3
a3

1(z)− 1

6
a3(z) + 2a1(z)b1(z)

− a1(z)b2(z) + 50c1(z)− 11c2(z) + 3c3(z)− c4(z)

(60)

d3(z) = 2a2
1(z)− b1(z)− 88

3
a3

1(z) + a1(z) (5b1(z)− 2b2(z)) + 35c1(z)− 6c2(z) + c3(z)

(61)

d4(z) = −20

3
a3

1(z) + a1(z) (−4b1(z) + b2(z))− 10c1(z) + c2(z) (62)

so the approximation of the characteristic function of X(1) is given by :

E
[
eiθX(1)

]
≈ eiθm(1)− 1

2
θ2v(1)

(
1− iθd1(1)− θ2d2(1) + iθ3d3(1) + θ4d4(1)

)
(63)

This induce the following approximation for the density function of X(1) :

h(x) = p(x) + d1(1)p′(x) + 2d2(1)p′′(x) + d3(1)p(3)(x) + d4(1)p(4)(x) (64)

where p(x) = 1√
2πv(1)

e−
(x−m(1))2

2v(1) is the density of N (m(1), v(1)).

The price of the option is then approximate by :

V (0) = e−rT
∫ +∞

−∞
(ex −K)+ h(x)dx

= e−rT (I0 + d1(1)I1 + d2(1)I2 + d3(1)I3 + d4(1)I4)

(65)

where :

I0 =

∫ +∞

−∞
(ex −K)+p(x)dx = e−rT (M1N(y1)−KN(y2)) (66)

with y1 = m(1)−log(K)√
v(1)

+
√
v(1) and y2 = y1 −

√
v(1)

I1 =

∫ +∞

−∞
(ex −K)+p′(x)dx =

∫ +∞

log(K)

(ex −K)p′(x)dx

= [(ex −K)p(x)]+∞log(K) −
∫ +∞

log(K)

exp(x)dx =

∫ +∞

log(K)

exp(x)dx

(67)
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and

I2 =

∫ +∞

log(K)

(ex −K)p′′(x)dx = [(ex −K)p′(x)]
+∞
log(K) −

∫ +∞

log(K)

exp′(x)dx

= −I1 −Kp(log(K))

(68)

and, still using by part integration :

I3 = −I2 −Kp′(log(K)) (69)

I4 = −I3 −Kp′′(log(K)) (70)

Finally, using the fact that d1(1) − d2(1) + d3(1) − d4(1) = 0 (θ = −i in

equation 58) we obtain :

V (0) = e−rT (M1N(y1)−KN(y2) +K(z1p(log(K)) + z2p
′(log(K)) + z3p

′′(log(K))))

(71)

where

z1 = d2(1)− d3(1) + d4(1) (72)

z2 = d3(1)− d4(1) (73)

z3 = d4(1) (74)

Note that the first terms correspond to the Levy approximation. So Ju

adds a correction term to the Levy approximation.

In term of performance, the complexity of the algorithm is O ((np)3)

2.6 Curran

Curran method is based on conditioning. It is often called a conditional

expectation method. The basic idea is to separate the price of the call in two

parts by conditioning with the geometric average. One part can be evaluated

”exactly”, the other part is approximated using a moment matching method.

The method presented hereafter for the approximated part is not the original

method of Curran, but an enhanced one.
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Let G(T ) be the geometric average :

G(T ) =
n∏
j=1

p∏
i=1

(
1

nαi
Fi(tj)

)αi
(75)

where :

αi =
1
n
Fi(0)∑p

i=1 Fi(0)
(76)

The convexity of the exponential function assures, by the Jensen inequality,

that :

G(T ) = exp

(
n∑
j=1

p∑
i=1

αilog(
1

nαi
Fi(tj))

)
≤ αi

n∑
j=1

p∑
i=1

exp

(
log(

1

nαi
Fi(tj))

)
= A(T )

(77)

Then, conditioning by the geometric average we can separate the price of a

call in two parts :

V (0) = e−rTE
[
(A(T )−K)+

]
= e−rT

(
E[(A(T )−K)+|G(T ) < K] + E[(A(T )−K)+|G(T ) ≥ K]

)
(78)

We will at first deal with the ”exact” part (we use the property A(T ) >

G(T )) :

E[(A(T )−K)+|G(T ) ≥ K] = E[A(T )|G(T ) ≥ K]−KP(G(T ) ≥ K) (79)

Let’s note mG = E[log(G(T ))], σG = 1
T

√
V ar[log(G(T ))] and covi(t) =

Cov[log(G(T )), log(Fi(t))]. (log(G(T )), log(Fi(t))) being by hypothesis bi-

variate normally distributed. The conditional distribution of log(Fi(t)) given

log(G(T )) is normally distributed :

log(Fi(t))|log(G(T )) ∼ N
(
ln(Fi(0))− 1

2
σ2
i t+

covi(t)

σ2
GT

(log(G(T ))−mG), σ2
i t−

cov2
i (t)

σ2
GT

)
(80)
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So :

E[Fi(tj)|G(T ) ≥ K]

=

∫ +∞

K

Fi(0)exp

(
covi(tj)

σ2
GT

(
log(g)−mG −

1

2
covi(tj)

)) exp
(
− (log(g)−mG)2

2σ2
GT

)
gσG
√

2ΠT
dg

=

∫ +∞

K

Fi(0)
1

gσG
√

2ΠT
exp

(
−(covi(tj)− (log(g)−mG))2

2σ2
GT

)
dg

= Fi(0)N
(
covi(tj)− (log(K)−mG)

σG
√
T

)
(81)

And, we finally get for the ”exact” part :

E[(A(T )−K)+|G(T ) ≥ K] =
1

n

n∑
j=1

p∑
i=1

Fi(0)N
(
covi(tj)− (log(K)−mG)

σG
√
T

)
−KN

(
mG − log(K)

σG
√
T

)
(82)

where :

mG = log(A(0))−
n∑
j=1

p∑
i=1

1

2
αiσ

2
i tj (83)

and

σ2
GT =

n∑
j1,j2=1

p∑
i1,i2=1

αi1αi2σi1σi2ρi1i2min(tj1 , tj2) (84)

and

covi(tj) =
n∑

j1=1

p∑
i1=1

αi1σiσi1ρii1min(tj, tj1) (85)

Let’s now concentrate on the approximated part :

E[(A(T )−K)+|G(T ) ≤ K] =

∫ K

0

E[(A(T )−K)+|G(T ) = g]dFG(T )(g) (86)

we will approximate the distribution of Hg = ((A(T )− g)|G(T ) = g) by a

lognormal distribution using the moment matching method of Levy:

Hg ≈MHexp(−
1

2
σ2
HT + σHWT ) (87)
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where :

MH = E[A(T )− g|G(T ) = g] =
1

n

n∑
j=1

p∑
i=1

E[Fi(tj)|G(T ) = g]− g (88)

and

σ2
HT = log

(
E[H2

g ]
)
− 2log(MH) (89)

and

E[H2
g ] = E[A2(T )|G(T ) = g]− 2gE[A(T )|G(T ) = g] + g2

=
1

n

n∑
j1,j2=1

p∑
i1,i2=1

E [Fi1(tj1)Fi2(tj2)|G(T ) = g]− 2gE[A(T )|G(T ) = g] + g2

(90)

where, we deduct from the distribution of log(Fi(t)) given log(G(T )) that

:

E[Fi(tj)|G(T ) = g] = Fi(0)exp

(
−1

2
σ2
i tj +

covi(tj)

σ2
GT

(log(g)−mG) +
1

2

(
σ2
i tj −

cov2
i (tj)

σ2
GT

))
= Fi(0)exp

(
covi(tj)

σ2
GT

(
log(g)−mG −

1

2
covi(tj)

))
(91)

and noting covi1i2(tj1 , tj2) = Cov [log(G(T )), log(Fi1(tj1)Fi2(tj2))] :

E[Fi1(tj1)Fi2(tj2)|G(T ) = g] =

Fi1(0)Fi2(0)exp

 −1
2
σ2
i1
tj1 − 1

2
σ2
i2
tj2 +

covi1i2 (tj1 ,tj2 )

σ2
GT

(log(g)−mG)

+1
2

(
σ2
i1
tj1 + σ2

i2
tj2 + 2ρi1i2σi1σi2min(tj1 , tj2)−

cov2i1i2
(tj1 ,tj2)

σ2
GT

) 
= Fi1(0)Fi2(0)exp

(
covi1i2(tj1 , tj2)

σ2
GT

(
log(g)−mG −

1

2
covi1i2(tj1 , tj2)

)
+ ρi1i2σi1σi2min(tj1 , tj2)

)
(92)

where

covi1i2(tj1 , tj2) = covi1(tj1) + covi2(tj2) (93)

Thus :

E[(A(T )−K)+|G(T ) = g] ≈MHN (d1(g))− (K − g)N (d2(g)) (94)
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where

d1(g) =
log(MH)− log(K − g)

σH
√
T

+
1

2
σH
√
T (95)

and

d2(g) = d1(g)− σH
√
T (96)

This expression still has to be integrated as the approximated part we

are dealing with is :

E[(A(T )−K)+|G(T ) ≤ K] =

∫ K

0

E[(A(T )−K)+|G(T ) = g]dFG(T )(g) (97)

where

dFG(T )(g) =
1

gσG
√

2πT
exp

(
−(log(g)−mG)2

2σ2
GT

)
dg (98)

The integral has to be computed by means of numerical quadrature. Of

course, the integrand has to be evaluated on each integration point.

Note : In the original method of Curran, it is remarked that the main part

of the integral comes from the value of geometric mean close to the strike K.

Then he makes the following approximation :∫ K

0

E[(A(T )−K)+|G(T ) = g]dFG(T )(g) = E[(A(T )−K)+|G(T ) = K]P (G(T ) < K)

(99)

Thus, there is no need to implement numerical quadrature, but it is well

known that this approximation is not very accurate out of the money.

Note : in a first step we used the geometric average :

G(T ) =

(
n∏
j=1

p∏
i=1

pFi(tj)

) 1
pn

(100)

But we changed it as the one we use is closer to the geometric average and

so gives exact part closer to the value of the option and better results on the

price of the option.
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3 Experiments

In this section we compare the accuracy of the different methods previously

described.

The first goal is to evaluate the precision of the models in different rea-

sonable situations. For this purpose, we tested the models with

• different strikes,

• different maturities,

• different volatilities and

• different numbers of fixing date.

Another goal of the study, which was conducted as an internship in com-

pany Sophis, was to study the conditions in which the company’s algorithm

found acceptable prices.

Finally, note that the ultimate goal is not only precision, since the Monte-

Carlo simulation could be used for that purpose. The important aspect is

the trade-off between prices precision and the algorithm performance. So we

also conducted some experiments on the performance of the different mod-

els. However, it should be noted that it is very difficult to draw definite

conclusion in terms of performance since the architecture of a real applica-

tion has a significant impact on the speed. For example the use of parallel

computing can reduce the computation time from the users point of view. In

our study, we compare the relative performance of the models. We compare

performances of the studied methods for different numbers of fixing date.

The asian basket option that we choose as reference for all our tests has

two underlyings and the following properties :

F1(0) = 100, F2(0) = 80, σ1 = σ2 = 0.4, T = 2, ρ12 = 0.5, K = 180,

n = 10, tj = j T
n

.

Thus, this reference option, can be considered as a usual option:

• close price of the elements of the basket

• 40% a year volatility

19



• positive correlation

• at the money strike

• 2 years maturity

The only unusual value is the number of averaging date (n=10). It has

been chosen small for question of performance.

Starting with this option, we study the impact of each parameter on the

accuracy of the prices obtained by the five studied methods. To test the

accuracy of these prices we need a reference price. To compute this price, we

use monte-carlo simulations (4 millions). We implemented antithetic control,

importance sampling and control variate to reduce the variance of monte-

carlo simulations and, so, optimize the accuracy of the reference price. We

use a Gauss-Legendre integration of order 50 to compute the approximated

part of Curran method.

Graphs present the price obtained by the models described in first part,

and the bounds of the 95% confidence interval obtained by Monte-Carlo

simulations. The reference price is the middle of the confidence interval.

Prices are represented by their difference to the reference price expressed in

percentage of the reference price.

3.1 sensitivity to strike

The number of Monte-Carlo simulations is set to 10 millions to obtain an

acceptable accuracy for out of the money strikes.

Strike varies from 40 to 400 by step of 40 (money is at 180).
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All models give acceptable price in the money. Prices obtained by Gentle,

Sophis and Levy diverge strongly out of the money.

Curran gives the best accuracy far out of the money. Prices obtained par Ju

keep acceptable.

3.2 sensitivity to volatility

Volatility varies from 0.1 to 1 by step of 1.
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Prices obtained by Gentle and Levy diverge when volatility rise.

Prices obtained by Curran, Ju and Sophis keep very accurate when volatility

rise.

3.3 sensitivity to relative volatility

Volatility of F1 varies from 0.04 to 0.4 by step of 0.04 while volatility of F2

stays at 0.4.
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Gentle is the only model giving better prices when the difference between

the volatilities of F1 and F2 grows. Prices obtained by Ju and Sophis loose

precision when the difference between the volatilities of F1 and F2 grows, but

they keep acceptable.

Curran gives the most accurate prices.
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3.4 sensitivity to Maturity

Sensitivity to maturity is of course the same as sensitivity to volatility as, in

the conditions of our experimentation, the price of the option is function of

σi
√

(T ). But, it seems interesting to see the result for a ”realistic” range of

maturity as we presented it for a realistic range of volatility.

Maturity varies from 2 to 20 by step of 2.

Unsurprisingly, as for volatility, prices obtained by Gentle and Levy diverge

when maturity rises. Prices obtained by Sophis, Ju and Curran keeps very

accurate.
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3.5 sensitivity to correlation

Correlation varies from -0.8 to 1 by step of 0.2.

Prices given by all our models diverge when correlation decrease. Prices

obtained by Curran and Ju keeps acceptable.
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One may be surprised that, for negative correlation Curran underestimate

the price when Levy overestimate the price as Curran is based on an exact

part plus an approximated part based on Levy approach. The point is that

the Levy approximation used for the computation of Curran deals with out

of the money option. As we can see in the ”sensitivity to strike” section,

Levy strongly underestimate the price of this kind of option. Moreover when

the correlation decrease from 1 to -0.8, the share of the approximated part

in the Curran price increase from 1% to 30%.

3.6 sensitivity to relative spot

In this section we modify the spot of both Future prices but we keep their

sum constant.

F1(0) = 90.1 + x and F2(0) = 90.1 − x where x varies from 0 to 90 by

step of 10.
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Once more, most accurate prices are given by Ju and Curran.

3.7 sensitivity to number of fixing dates

The number of fixing dates varies from 10 to 100 by step of 10
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For the range experimented, there is no notable effect of the number of fixing

dates on the accuracy of the prices given by tested models.

3.8 performance

The following array contains the prices computing for each model for a num-

ber of time interval varying from 10 to 460 by step of 50. Time is expressed

in milliseconds.
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Period number Monte-Carlo Sophis Gentle Levy Ju Curran
10 31249 0 0 0 0 0
60 175334 0 0 0 343 203

110 319419 0 0 0 2062 672
160 463926 0 0 16 6296 1407
210 607996 0 16 16 14155 2406
260 752550 16 0 16 26826 3672
310 896558 0 0 15 45435 5203
360 1041471 0 0 31 71074 7031
410 1184947 16 0 47 105197 9094
460 1329142 15 0 63 148413 11421

The computation time is obtained with the C function clock which is

supposed to provide a precision of 1 millisecond. But the results of the

experiment shows that it is not the case. We tried to use the Windows

specific function GetProcessTimes which is supposed to provide a precision of

1 nanosecond and take into account only the time dedicated by the processor

to our process. But the precision of the result was even worse. However, we

are mainly interested by the relative results of the different pricing methods

and we got it.

Unsurprisingly, computation time rises linearly for Monte-carlo and ex-

ponentially for Curran and Ju. For 460 period of times (ie about 2 years

daily average), computation time by Curran keeps acceptable (11.5 seconds)

while computation time by Ju becomes problematic (more than 2 minutes).

The best performers are, of course, the 3 basic models. Levy seems to be

slightly slower than its two contestants, may be due to the presence of log in

the volatility computation formula.

3.9 conclusion

The following draw resumes the results of the experimentation :
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Sophis Gentle Levy Curran Ju
strike - - - - - - ++ ++

volatility ++ - - 0 ++ ++
relative spot ++ 0 + ++ ++

Maturity ++ - - - ++ ++
Relative vol ++ 0 0 ++ +
Correlation - - - - - + ++

Period ++ 0 + ++ ++

Where the symbols +, 0 and - represents the difference between the price

obtained by a model and the closest value of confidence interval obtained by

Monte-carlo simulation :

- - stands for greater than 10%

- stands for between 5% and 10%

0 stands for between 2% and 5%

+ stands for between 1% and 2%

++ stands for lower than 1%

The model chosen by Sophis gives the most accurate price in the category

”naive log-normal distribution approach”. In case of positive correlations it

gives acceptable prices for in the money options. But, to get acceptable

prices for out of the money options and negative correlations we need to use

the more sophisticated models proposed by Curran and Ju.

Beyond its great accuracy, the main quality of Ju model is it simplicity

of implementation. Of course, formulas are long but they just have to be

applied.

Curran method is more complex to implement. It requires a numerical

integration for the approximated part. The risk is then to loose the accuracy

of the theoretical approximation by numerical integration error.

Performance gives a decisive advantage to Curran compared to Ju. For

similar precision, Curran complexity is in O ((np)2) while Ju complexity is

in O ((np)3). This being confirmed by our experimentation.
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4 Enhancements of optimized-Deltas in Sophis

Model

The price of an option is defined as the amount necessary to hedge the option.

Once a trader has fixed the price of an option for a deal, he will need the

deltas of the option for hedging purposes.

The first and universal idea to compute deltas is to use finite differences.

But, as shown further, this method has poor performances. So, Sophis im-

plemented an optimized deltas computation in its software. This method

generates only partial deltas (ie deltas that do not integrate the dependance

of the volatility on the spot of the underlyings). As traders using sophis

require total deltas we have completed the optimized partial deltas method

to compute optimized total deltas.

In this section, we will first describe how asian option are modeled in

Sophis as it covers a wider framework that the one previously studied. Then

we will describe optimized total deltas computation. We have implemented

optimized total deltas computation in Sophis software, and so, we will at last

validate it.

4.1 Asian options on basket of commodities in Sophis

There are two main differences between general asian options on basket

treated by Sophis and asian options on basket studied in the first section

of this document.

• different commodities in single basket may be traded in different cur-

rencies. So terms of Foreign Exchange between commodity currencies

and basket currency appear.

• Fixing dates on which means are computed may differ from commodity

to commodity and from commodity to forex.

That leads to express the underlying of a call this way :

A(T ) =
∑
i,tk,tl

ui(tk, tl)χi(tl)Fi(tk) (101)
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where

- Fi is a commodity future.

- χi is the change rate between the currency of Fi and the currency of the

option.

- ui express a weight. It can be equal to 0 for some (tk, tl).

- dates tk and tl are taken in the possible quotation date for futures or

Forex.

There is a special treatment for precious metals, they are considered as

currencies. So they are integrated in the basket as a Future with fixed value

1 and a forex between the precious metal and the currency of the option.

Let’s now place at date 0 :

A(0) =
∑
i,tk,tl

ui(tk, tl)χ
0
i (tl)Fi(0) (102)

where χ0
i (tl) is the forex forward.

The geometric average introduced for the computation of the volatility in

subsection 2.2 is then :

G(T ) =
∏
i,tk,tl

(
ui(tk, tl)

αi(tk, tl)
χi(tl)Fi(tk)

)αi(tk,tl)
(103)

=
∏
i,tk,tl

(
ui(tk, tl)

αi(tk, tl)

)αi(tk,tl)∏
i,tl

(χi(tl))
γi(tl)

∏
i,tk

(Fi(tk))
βi(tk) (104)

where

αi(tk, tl) =
ui(tk, tl)χ

0
i (tl)Fi(0)

A(0)
(105)

and

γi(tl) =
∑
tk

αi(tk, tl) (106)

and

βi(tk) =
∑
tl

α(tk, tl) (107)
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So the volatility of the geometric average is given by :

σ2T =
∑

i1,i2,tk1 ,tk2

βi1(tk1)βi2(tk2)ρFi1 ,Fi2σFi1 (tk1)σFi2 (tk2)min(tk1 , tk2)

+
∑

i1,i2,tl1 ,tl2

γi1(tl1)γi2(tl2)ρχi1 ,χi2σχi1 (tl1)σχi2 (tl2)min(tl1 , tl2)

+ 2
∑

i1,i2,tk,tl

γi1(tl)βi2(tk)ρχi1 ,Fi2σχi1 (tl)σFi2 (tk)min(tk, tl)

(108)

The strike for volatility allowing to extract volatilities from the volatility

surface is chosen to be :

- KFi = K
A(0)

Fi(0) for commodities

- Kχi,t = K
A(0)

χ0
i (t) for precious metal

- Kχi,t = χ0
i (t) for forex

The correlation between forex are deducted from forex volatilities.

We can note that the complexity of the computation is in O(n2p2) where

n is the number of future and p is the number of fixing date.

Deltas are computed with respect to each risk sources (Future and Forex).

The first idea is to compute Delta by finite differences, but it implies to

compute volatility twice for each risk sources. As we may have 2n risk sources

(n futures and n forex), the complexity of the computation of the deltas is

in O(4n3p2).

To improve performance, we can think about decomposing deltas this

way :

∆Fi =
∂P

∂A(0)

∂A(0)

∂Fi

∆χi =
∂P

∂A(0)

∂A(0)

∂χi

where

∂A(0)

∂Fi
=
∑
tk,tl

ui(tk, tl)χi(tl)

∂A(0)

∂χi
=

∑
j|Cj=Ci,tk,tl

ui(tk, tl)Fi(tk)
χ0
j(tl)

χj(0)
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and ∂P
∂A(0)

is computed by finite differences. Then we have to recompute the

volatility only twice (for the evaluation of ∂P
∂A(0)

). Ci represents the currency

in which Fi is quoted.

Unfortunately, this decomposition is not correct. It gives only a partial

delta. The point is that the price of the option does not only depends on

risk sources through A(0) but although through the volatility.

4.2 Total Delta Future

Total deltas with respect to futures are given by :

∆Fi =
∂P

∂A(0)

∂A(0)

∂Fi
+
∂P

∂σ

∂σ

∂Fi
(109)

where :

∂σ

∂Fi
=

1

2σ

∂σ2

∂Fi
=

1

2σ

1

A(0)2

(
∂A(0)2σ2

∂Fi
− σ2∂A(0)2

∂Fi

)
(110)

This decomposition will simplify calculation as A(0)βi and A(0)γi are linear

functions of Fi.
∂A(0)2

∂Fi
= 2A(0)

∑
tk,tl

ui(tk, tl)χi(tl) (111)

and, as σ depends on Fi trough βi, γi, the volatility of each future and of

each precious metal :

∂A(0)2σ2

∂Fi
=

∑
tl

∂A(0)2σ2

∂A(0)γi(tl)

∂A(0)γi(tl)

∂Fi
+
∑
tk

∂A(0)2σ2

∂A(0)βi(tk)

∂A(0)βi(tk)

∂Fi
(112)

+
∑
j,tk

∂A(0)2σ2

∂σFj(tk)

∂σFj(tk)

∂Fi
+
∑
j,tl

∂A(0)2σ2

∂σχj(tl)

∂σχj(tl)

∂Fi

and

T
∂A(0)2σ2

∂A(0)γi(tl)
= 2A(0)

∑
i2,tl2

ρχi,χi2σχi(tl)σχi2 (tl2)min(tl, tl2)γi2(tl2)(113)

+2A(0)
∑
i2,tk

ρχi,Fi2σχi(tl)σFi2 (tk)min(tl, tk)βi2(tk)

34



and

T
∂A(0)2σ2

∂A(0)βi(tk)
= 2A(0)

∑
i2,tk2

ρχi1 ,χi2σFi(tk)σFi2 (tk2)min(tk, tk2)βi2(tk2)(114)

+2A(0)
∑
i2,tl

ρFi,χi2σFi(tk)σχi2 (tl)min(tk, tl)γi2(tl)

and
∂A(0)γi(tl)

∂Fi
=
∑
tk

ui(tk, tl)χ
0
i (tl) (115)

and
∂A(0)βi(tk)

∂Fi
=
∑
tl

ui(tk, tl)χ
0
i1

(tl) (116)

and

T
∂A(0)2σ2

∂σFi(tk)
= 2A(0)2

∑
i2,tk2

ρFi,Fi2σFi2 (tk2)min(tk, tk2)βi(tk)βi2(tk2)(117)

+2A(0)2
∑
i2,tl

ρFi,χi2σχi2 (tl)min(tk, tl)γi2(tl)βi(tk)

and

∂σFj(tk)

∂Fi
= −

KFj

A(0)

∂σFj(tk)

∂KFj

∂A(0)

∂Fi
+ 1i=j

(
K

A(0)

∂σFi(tk)

∂KFi

+
∂σFi|KFi (tk)

∂Fi

)
(118)

and
∂σχj(tl)

∂Fi
= −1precious

Kχj

A(0)

∂σχj(tl)

∂Kχj

∂U

∂Fi
(119)

and
∂σFi (tk)

∂KFi
,
∂σFi|KFi

(tk)

∂Fi
and

∂σχj (tl)

∂Kχj
are computed by finite differences.

4.3 Total Delta Forex

Total deltas with respect to forex are given by :

∂σ2

∂χi
=

1

A(0)2

(
∂A(0)2σ2

∂χi
− σ2∂A(0)2

∂χi

)
(120)

This decomposition will simplify calculation as A(0)βi and A(0)γi are linear

functions of χi.

∂A(0)2

∂χi
= 2A(0)

∑
j|Cj=Ci,tk,tl

uj(tk, tl)Fj(tk)
χ0
i (tl)

χi(t)
(121)
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and, as σ depends on χi trough βi, γi, the correlation between forex, the

volatility of each future and of each forex :

∂A(0)2σ2

∂χi
=

∑
j|Cj=Ci,tl

∂A(0)2σ2

∂A(0)γj(tl)

∂A(0)γj(tl)

∂χi
(122)

+
∑

j|Cj=Ci,tk

∂A(0)2σ2

∂A(0)βj(tk)

∂A(0)βj(tk)

∂χi
+
∑
j

∂A(0)2σ2

∂ρχi,χj

∂ρχi,χj
∂χi

+
∑
j,tl

∂A(0)2σ2

∂σχj(tl)

∂σχj(tl)

∂χi
+
∑
j,tk

∂A(0)2σ2

∂σFj(tk)

∂σFj(tk)

∂χi

and
∂A(0)γj(tl)

∂χi
= 1Cj=Ci

∑
tk

uj(tk, tl)Fj(tk)
χ0
i (tl)

χi(0)
(123)

and
∂A(0)βj(tk)

∂χi
= 1Cj=Ci

∑
tl

uj(tk, tl)Fj(tk)
χ0
i (tl)

χi(0)
(124)

and

T
∂A(0)2σ2

∂σχi(tl)
= 2A(0)2

∑
j|Cj=Ci,i2,tl2

ρχi,χi2σχi2 (tl2)min(tl, tl2)γj(tl)γi2(tl2)(125)

+2A(0)2
∑

j|Cj=Ci,i2,tk

ρχi,Fi2σFi2 (tk)min(tl, tk)γj(tl)βi2(tk)

and

T
∂A(0)2σ2

∂ρχi,χj
= 2A(0)2

∑
i1|Ci1=Ci,

i2|Ci2=Cj ,
tl1 ,tl2

σχi1 (tl1)σχi2 (tl2)min(tl1 , tl2)γi1(tl1)γi2(tl2)

(126)

and
∂ρχi,χj
∂χi

is computed by finite differences.

and
∂σFj(tk)

∂χi
= −

KFj

A(0)

∂σFj(tk)

∂KFj

∂A(0)

∂χi
(127)

and for j precious metal :

∂σχj(tl)

∂χi
= −

Kχj

A(0)

∂σχj(tl)

∂Kχj

∂A(0)

∂χi
+ 1i=j

(
K

A(0)

∂σχi(tl)

∂Kχi

+
∂σχi|Kχi (tl)

∂χi

)
(128)
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and
∂σFj (tk)

∂KFj
,
∂σχi (tl)

∂Kχi
and

∂σχi|Kχi
(tl)

∂χiswp
are computed by finite differences.

If j does not correspond to a precious metal,
∂σχj (tl)

∂χi
= 0 for i 6= j and

∂σχj (tl)

∂χj
is computed by finite difference. The difference made between pre-

cious metal and other comes from the definition of the strike for volatility.

4.4 LME

Futures on commodities traded on the London Metal Exchange (LME) re-

quire a special treatment. Delta are computed for only some of the futures

called Delta Futures and Vega are computed only for some of the futures

called Vega futures. Delta are in fact computed for all futures and then

dispatched on delta futures :

∆F
jδ

=
∑
i

∆Fi

∂Fi
∂Fjδ

(129)

where

∂Fi
∂Fjδ

= 1T
jδ
<Ti<Tjδ+1

Ti − Tjδ
Tjδ+1 − Tjδ

+ 1T
jδ−1

<Ti<Tjδ

Tjδ − Ti
Tjδ − Tjδ−1

+ 1T
jδ

=Ti (130)

and T stands for the delivery date.

γ and β coefficients are only computed for the vega future using the

following formulas :

γjσ(tl) =
∑

i,tk∈TF

αi(tk, tl)
∂σjσ
∂σi

(131)

βjσ(tk) =
∑
i,tl∈Tχ

αi(tk, tl)
∂σjσ
∂σi

(132)

where

∂σjσ
∂σi

= 1Tjσ<Ti<Tjσ+1

Ti − Tjσ
Tjσ+1 − Tjσ

+1Tjσ−1<Ti<Tjσ
Tjσ − Ti

Tjσ − Tjσ−1

+1Tjσ=Ti (133)

and T stands for the delivery date.

So in the LME case we finally obtain :

∂A(0)2σ2

∂Fi
=

∑
jσ ,tl

∂A(0)2σ2

∂A(0)γjσ(tl)

∂A(0)γjσ(tl)

∂Fi
+
∑
jσ

∂A(0)2σ2

∂A(0)βjσ(tk)

∂A(0)βjσ(tk)

∂Fi
(134)

+
∑
j

∂A(0)2σ2

∂σFj(tk)

∂σFj(tk)

∂Fi
+
∑
j,tl

∂A(0)2σ2

∂σχj(tl)

∂σχj(tl)

∂Fi
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where
∂A(0)γjσ(tl)

∂Fi
=
∑
tk

ui(tk, tl)χi1(tl)
∂σjσ
∂σi

(135)

and
∂A(0)βjσ(tk)

∂Fi
=
∑
tl∈Tχ

ui(tk, tl)χi1(tl)
∂σjσ
∂σi

(136)

4.5 Validation

The optimized computation of delta total has been implemented in Sophis

software. To validate the results, we configured an option on a basket con-

taining Brent (quoted in Dollar), Gold (Precious Metal) and Aluminium

(LME quoted in Dollar). The currency of the option and of its strike is set

to Euro.

Then we computed partial deltas, total deltas by optimized computation

and total delta by finite differences. Here are the results of these computa-

tions :

- partial deltas
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- total deltas by optimized computation

- total deltas by finite differences :

Risk sources Price + Price - Bump Delta by finite Delta Total
differences optimized

GOL/EUR 2,35137319 2,34165516 0.1 0,04859015 0.04858379
USD/EUR 2,35439556 2,34207216 0.0001 61,617 61.59417124

Brent Sep 2006 2,34809948 2,34492394 0.01 0,1587770 0.15877712
Brent Oct 2006 2,34813981 2,34488364 0.01 0,1628085 0.16280842

AA 04 Aug 2006 2,34659634 2,34643328 0.1 0,00081530 0.00081532
AA 11 Aug 2006 2,34659398 2,34643021 0.1 0,00081885 0.00081886
AA 16 Aug 2006 2,34666016 2,34635669 0.1 0,00151735 0.00151732
AA 18 Aug 2006 2,34706808 2,34592749 0.1 0,00570295 0.00570301
AA 20 Sep 2006 2,34662950 2,34639646 0.1 0,00116520 0.00116522
AA 09 Aug 2006 2,34666603 2,34636096 0.1 0,00152535 0.00152537
AA 14 Aug 2006 2,34661682 2,34641261 0.1 0,00102105 0.00102105
AA 31 Jul 2006 2,34654515 2,34647748 0.1 0,00033835 0.00033835

AA 07 Aug 2006 2,34660754 2,34640846 0.1 0,00099540 0.00099540
AA 02 Aug 2006 2,34666904 2,34636793 0.1 0,00150555 0.00150556
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Comparison between Partial Deltas and Total Deltas shows that they

are significantly different. So the correction term added for Optimized Total

Deltas is validated by the comparison between Optimized Total Deltas and

finite differences Total Deltas. As Optimized Total Deltas and finite differ-

ences Total Deltas are quite similar, the implementation of Optimized Total

Deltas is validated.

5 ANNEXES

This section contains all the data used to generates the graphics presented

in section experimentation.
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